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ABSTRACT
We present unstratified 3D MHD simulations of an accretion disk with a boundary
layer (BL) that have a duration ∼ 1000 orbital periods at the inner radius of the
accretion disk. We find the surprising result that angular momentum piles up in the
boundary layer, which results in a rapidly rotating belt of accreted material at the
surface of the star. The angular momentum stored in this belt increases monotonically
in time, which implies that angular momentum transport mechanisms in the BL are
inefficient and do not couple the accretion disk to the star. This is in spite of the
fact that magnetic fields are advected into the BL from the disk and supersonic shear
instabilities in the BL excite acoustic waves. In our simulations, these waves only carry
a small fraction (∼ 10%) of the angular momentum required for steady state accretion.
Using analytical theory and 2D viscous simulations in the R − φ plane, we derive an
analytical criterion for belt formation to occur in the BL in terms of the ratio of the
viscosity in the accretion disk to the viscosity in the BL. Our MHD simulations have a
dimensionless viscosity (α) in the BL that is at least a factor of ∼ 100 smaller than that
in the disk. We discuss the implications of these results for BL dynamics and emission.
Subject headings: accretion, accretion discs, (magnetohydrodynamics) MHD, instabili-
ties, waves
1. Introduction
The transfer of mass from one object to another via accretion is a universal astrophysical
process occurring in a wide variety of systems. In this study, we focus on accretion through a gas
disk that extends to the surface of a central object with a material outer boundary, such as a white
dwarf, neutron star, or protostar, but not a black hole. We assume that the disk extends as a thin
disk all the way down to the surface of the compact object (i.e. “star”), which is slowly rotating.
This implies that the magnetic field of the accretor is weak enough that the accretion disk is not
channeled along magnetic field lines near the surface of the star (Ghosh & Lamb 1978).
In our setup, a boundary layer (BL) is present at the interface between the accretion disk
and the star. This is the region where the angular velocity of the accretion flow transitions from
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its nearly Keplerian value in the disk to a much lower value in the star. The BL is energetically
important, because for a star rotating below breakup in steady state, about as much energy per
unit time must be dissipated in the BL as in the accretion disk proper. This is because half of the
gravitational potential energy tapped by accretion goes into rotational kinetic energy at the surface
of the star for a Keplerian disk.
Semi-analytical one-dimensional models were developed to describe the radial structure of and
thermal emission from BLs (Pringle 1977; Pringle & Savonije 1979; Popham & Narayan 1995).
Two-dimensional investigations of the BL in the r − θ plane have also been undertaken using
computer simulations (Kley 1989; Balsara et al. 2009; Hertfelder & Kley 2017). All of these models
assume that a turbulent viscosity (Shakura & Sunyaev 1973; Lynden-Bell & Pringle 1974) efficiently
couples the disk and the star, decelerating accreted material in the BL.
In the accretion disk proper, the magnetorotational instability (MRI) is thought to generate
the turbulent viscosity that allows material to accrete inward (Balbus & Hawley 1991). However,
the BL has a rising rotation profile (dΩ/dR > 0) and hence is linearly stable to the MRI. Hence, a
different type of instability is likely required to transport angular momentum there.
Because of the narrow radial extent of the BL, it is natural to consider shear as the physical
source of instability within it. However, because the azimuthal flow of material over the surface
of the star is highly supersonic1, the Kelvin-Helmholtz instability (KHI) does not operate there
(at least globally over the entire BL). Rather, shear-acoustic instabilities are excited in the BL
(Belyaev & Rafikov 2012). This class of instabilities was studied in the astrophysical context by
Drury (1980); Papaloizou & Pringle (1984), who were interested in their applications to accretion
disks. However, shear instabilities are excited on a much shorter timescale in the BL than in the
accretion disk proper, because their growth rate is proportional to the shear, and the shear is much
greater in the BL than in the accretion disk.
Since shear-acoustic instabilities excite sound waves, Belyaev et al. (2013a) proposed that
angular momentum transport in the BL is mediated by waves rather than by a turbulent viscosity.
Waves are a nonlocal form of angular momentum transport, since they can travel large distances
between where they are excited and where they are absorbed. This is in direct contrast to turbulent
viscosity, which is a purely local mechanism of angular momentum transport. Belyaev et al. (2013b)
showed using 3D magnetohydrodynamical (MHD) simulations that shear-acoustic instabilities in
the BL can coexist with MRI turbulence in the disk. Hertfelder & Kley (2015) found them to be
present in 2D hydro simulations (R−φ plane) with radiative transport, and Philippov et al. (2016)
studied excitation of shear-acoustic waves in a spreading layer geometry (Inogamov & Sunyaev
1999).
In this paper, we perform 3D MHD simulations that include a star, disk, and a boundary
layer. The focus of our work is on understanding the long term evolution of the system, and we
1The jump in azimuthal velocity across the BL is much greater than the sound speed.
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run for ∼ 1000 orbital periods at the inner edge of the accretion disk. We find that on these
long timescales angular momentum piles up in a belt inside the BL region. Moreover, this pile
up proceeds for the entirety of the simulation and no steady state is reached. This is in spite of
the fact that shear-acoustic instabilities are excited in the BL and persist for the duration of the
simulation. This suggests that shear-acoustic instabilities are less efficient at angular momentum
transport than previously thought.
In order to understand the reason for the formation of the belt, we also carry out 2D viscous
simulations in the R − φ plane. In our model setup, the viscosity takes different (lower) values in
the star and the boundary layer compared to the accretion disk. Because we know the steady state
value of the accretion rate through the disk in the viscous simulations, we are able to determine
that acoustic waves carry only a small fraction (. 10%) of the steady state angular momentum
current through the disk into the star. This inefficient transport leads to the formation of the
rapidly rotating belt on the surface of the star. Additionally, we derive a condition on how small
the viscosity in the BL should be relative to the viscosity in the accretion disk for an angular
momentum belt to be present there. We also derive the peak amplitude of the angular momentum
in the belt in steady state for a given value of the viscosity in the BL. This allow us to connect the
viscous simulations with the 3D MHD simulations and derive an upper bound for the BL viscosity
in the latter. This upper bound is interesting, because it is much smaller than what is typically
assumed in phenomenological models of the BL.
The paper is organized as follows. In §2, we present the equations and physical setup used in
our 3D MHD unstratified simulations. We also check the validity of these simulations by showing
that the MRI is resolved in the disk and that shear-acoustic modes are excited in the BL. In
§3, we present results showing the belt of accreted angular momentum in the BL which grows
monotonically in time without bound in the 3D MHD simulations. In §4, we present the results
of 2D viscous hydro simulations. Additionally, we use viscous theory to derive a physical criterion
that must be met for the angular momentum belt to form in the BL. We also provide an estimate
of the peak angular momentum in the belt and derive an upper bound for the BL viscosity in the
3D MHD simulations. §5 discusses the implications of our work for BL dynamics and emission.
2. 3D Unstratified Simulations
2.1. Simulation Setup
We describe the setup of our unstratified 3D MHD simulations, which are performed using
the code Athena++ (White et al. 2016). The code solves the equations of ideal MHD with a fixed
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gravitational potential:
∂ρ
∂t
+∇ · (ρv) = 0 (1)
∂(ρv)
∂t
+∇ · (ρvv) = −∇
(
P +
B2
2µ
)
+
1
µ
(B ·∇)B − ρ∇Φ (2)
∂B
∂t
=∇× (v ×B). (3)
We assume the equation of state is that of an isothermal ideal gas:
P = ρc2s. (4)
Although this is a significant simplification, we are interested in BL dynamics and angular momen-
tum transport, rather than the thermal structure of the BL. We dedimensionalize our simulation
variables so that the radius of the star is at R∗ = 1, and the Keplerian velocity at the surface of
the star is VK(R∗) = 1. We also choose the magnetic permeability of vacuum to be µ = 1.
We use a cylindrical coordinate system with logarithmic grid spacing in the radial direction.
The boundary conditions are periodic in the φ and z dimensions and “do-nothing” in the R di-
mension. The do-nothing boundary condition implies that hydrodynamic and MHD variables take
on their initial values in the ghost zones for all time. The choice of do-nothing boundaries over
reflecting or open boundaries is motivated by two considerations. First, do-nothing boundaries
partially damp incident waves, in contrast to a perfectly reflecting boundary. This is important,
because we do not want waves trapped between the boundary layer and the inner radial boundary
to amplify by overreflection. Second, with an open boundary condition at the inner radius, we
found that the star falls through the inner open boundary at an unacceptably fast rate. The reason
for this is the difference between numerical and analytical hydrostatic equilibrium. Do-nothing
boundaries are thus useful in our problem, because they damp incident waves and don’t require
precise initialization of numerical hydrostatic equilibrium.
The domain of the simulation extends from 0.85 < R < 116, 0 < φ < 4pi/7, −1/18 < z < 1/18.
The resolution in each dimension is Nr×Nφ×Nz = 4096×768×128. The simulation is run for 936
Keplerian periods at the surface of the star, where PK(R∗) = 2pi, in our dedimensionalized units.
The initial state of our simulations consists of an accretion disk with a Keplerian rotation
profile and a non-rotating star that are joined smoothly together:
Ω(R) =

0 R ≤ 1−∆
1− (1−R)/∆ 1−∆ ≤ R ≤ 1
R−3/2 R ≥ 1
. (5)
Here, R is the cylindrical radius and ∆ = 0.01 is the initial width of the boundary layer. This is
resolved with ∼ 8 cells at the start of the simulation but widens as the simulation proceeds under
the action of shear-acoustic instabilities. We inject the simulation with random perturbations to
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the steady-state density profile, which seeds the shear-acoustic instabilities in the BL and as well
as the MRI instability in the disk.
The static gravitational potential is Φ(R) = −1/R, and the effective potential is
Φeff(R) ≡ Φ(R)−
ˆ R
∞
Ω(R′)2R′dR′, (6)
where Ω(R) is the initial angular velocity profile (equation (5)). The initial hydrostatic equilibrium
density profile is expressed in terms of the effective potential as
ρ(R) = exp
(
−Φeff(R)
c2s
)
, (7)
where cs is the isothermal sound speed. The simulation is unstratified in the z-direction, because
the gravitational potential we use is a function of the cylindrical radius only. Additionally, the
initial density in the accretion disk is constant, since the initial rotation profile is exactly Keplerian
there. We normalize the initial density in the disk to the value ρdisk = 1.
We take cs = 0.1 for the value of the isothermal sound speed in the 3D MHD simulation. This
is potentially high by astrophysical standards (a white dwarf BL has cs ∼ 0.02 − 0.05). However,
the radial pressure scale height,
hR ≡
∣∣∣∣d lnPdR
∣∣∣∣−1 , (8)
takes the value
hR,∗ ∼ R∗
(
cs
VK(R∗)
)2
, (9)
inside the star. With cs = 0.1, the scale height in the star is h∗ ∼ .01, which is resolved with ∼ 8
cells in the radial direction. Thus, the elevated value of the sound speed is necessary to resolve
the scale height in the star. We also point out that there are ∼ 15 scale heights between the outer
edge of the star and the inner edge of the simulation domain. Thus, the density at the inner edge
is ρmax/ρdisk ∼ 3× 107, and the mass of the star within the simulation domain is much larger than
the total mass accreted over the course of the simulation.
The initial magnetic field in the simulation is in the vertical direction and is given by
Bz(R) =

0 R ≤ 1.25
(B0/R)zˆ 1.25 ≤ R ≤ 88
0 R ≥ 88
. (10)
The inner radius of the region of non-zero seed magnetic field is chosen to lie outside the star and
the BL, so there is initially no magnetic field in these regions. However, field is advected into the
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BL as the simulation proceeds due to accretion induced by MRI turbulence in the disk. The outer
radius of the region of non-zero seed magnetic field is chosen to lie well inside the outer radius of the
simulation domain. Magnetic field does not diffuse to the outer boundary during the course of the
simulation. Thus, there are no spurious effects that might arise due to boundary conditions. The
magnetic field also never reaches the inner boundary of our simulation domain because accreted
material forms a belt on the surface of the star and does not penetrate much below the BL.
The fiducial seed magnetic field value in equation (10) is B0 = 2 × 10−3. This means the
magnetic β parameter,
β ≡ ρc
2
s
B2/2µ
, (11)
initially has the value β ∼ 5000 in the inner parts of the accretion disk. The vertical wavelength of
the fastest growing axisymmetric MRI mode in the local approximation is given by
λz,MRI =
√
16
15
2piB
Ω
√
ρµ
(12)
This is resolved with ∼ 16 cells at the start of the simulation in the inner part of the disk, and
λz,MRI grows as ∝ R1/2 with radius.
2.2. Verification
Before analyzing our results in detail, we check to make sure the MRI in the disk and the
acoustic modes excited in the BL are faithfully captured in our simulations. We begin by checking
that the turbulent viscosity due to the MRI behaves as expected. The vertically-integrated Reynolds
and magnetic stresses acting to drive accretion in the simulation can be expressed as
τRφ ≡ 〈ρvR (vφ −RΩ)〉 −
〈
BRBφ
µ
〉
. (13)
Here, Ω is the angular velocity, averaged over the φ and z dimensions, and the brackets denote
integration over the z-dimension and averaging over the φ-dimension. We shall also find it useful to
split τRφ into purely hydrodynamical (subscript H) and purely magnetic (subscript B) components:
τRφ,H ≡ 〈ρvR (vφ −RΩ)〉 (14)
τRφ,B ≡ −
〈
BRBφ
µ
〉
. (15)
The total Rφ stress is simply the sum of the individual components:
τRφ = τRφ,H + τRφ,B. (16)
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Fig. 1.— Left panel: spacetime plot of the effective value of alpha in the inner part of the disk.
Right panel: spacetime plot of the magnetic pitch angle in the inner part of the disk.
The one-dimensional equation describing angular momentum transport is
∂
∂t
(
R2ΣΩ
)
= − 1
R
∂
∂R
(
R3ΩΣvR +R
2τRφ
)
, (17)
where τRφ due to turbulent stresses is given by equation (13) (Balbus & Papaloizou 1999). Here,
Σ = 〈ρ〉 is the 1D disk surface density, and vR = Σ−1〈ρvR〉 is the 1D density-weighted radial
velocity. Equation (17) has the same form as the 1D equation of viscous accretion disk theory,
except that the stress in viscous theory is given by
τRφ = −νΣRdΩ
dR
. (18)
The viscosity in the accretion disk is typically parameterized by
ν = αcsH, (19)
where H is the vertical scale height in the disk and α < 1 is a dimensionless constant.
If we measure the stresses according to equation (13) within the simulation, we can compute
the effective value of ν in the accretion disk by using equation (18). We can then calculate the
effective value of α by using equation (19) and setting H to be the vertical extent of the simulation
domain. The left panel of Fig. 1 shows a spacetime plot of α in the disk (R > 1), averaged over
the φ and z dimensions. The x-axis is t/PK,∗, and the y-axis is the cylindrical radius. After MRI
turbulence develops, we have α ∼ .01− .05 in the accretion disk.
A different check that determines the convergence of the MRI in the saturated state is the
magnetic pitch angle. Guan et al. (2009) define the pitch angle as
θB ≡ sin
−1 (αBβ)
2
, (20)
where αB is calculated using only the magnetic component of the stress tensor (equation (15))
together with the definition of α in terms of the stress via equations (18) and (19). The magnetic
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Fig. 2.— Color shows vR
√
ρ in the disk averaged over the z-dimensions with R on the x-axis and
φ on the y-axis at t = 204 orbits in the MHD simulation. An m = 14 mode is apparent in the star
(limits in azimuthal direction are 0 < φ < 4pi/7). The vertical lines show the corotation radius
(solid) and Lindblad radii (dashed) in the accretion disk for ΩP = 0.46. The solid black curve
shows a sample wavefront that has been calculated using the WKB approximation for acoustic
wave propagation in the disk.
pitch angle is a good indicator of convergence for the MRI, and for converged, unstratified shearing
box simulations θB ≈ 14 − 16◦. The right panel of Fig. 1 shows a spacetime plot of the magnetic
pitch angle in our unstratified simulation averaged over the φ and z dimensions. The x-axis shows
the time in orbital periods, and the y-axis shows the radius. The pitch angle in the innermost parts
of the disk is close to the resolved shearing box value.
Next we consider shear-acoustic modes excited in the BL. Fig. 2 shows an image of vR
√
ρ
averaged over the z-dimension at t = 204PK,∗ in the unstratified MHD simulation2. A shear-
acoustic mode with azimuthal pattern number m = 14 is visible. This mode is sourced in the BL
and has a pattern speed of ΩP = 0.46 as measured in the simulation. The measured pattern speed
of ΩP = 0.46 agrees well with the predicted pattern speed for an m = 14 mode given by equation
(38) of Belyaev et al. (2013a). The solid vertical lines indicate the mode’s corotation radius and
the dashed vertical lines indicate its Lindblad radii in the accretion disk. The mode also has a
corotation radius in the boundary layer (not shown).
Another interesting question concerns the dominance of the m = 14 mode in the simulation.
Although a spectrum of shear-acoustic modes is expected to be excited in the BL, Belyaev (2017)
2Note that vR
√
ρ is a good quantity to measure, because it is roughly constant due to conservation of energy flux
between R = .85 (inner boundary) and R ≈ 1 (surface of the star), even though the density increases by orders of
magnitude over this region.
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showed that a sound wave which reflects off the inner Lindblad radius in the disk and returns in
phase with the outgoing mode in the BL can be pumped to higher amplitudes in the disk with
same forcing amplitude in the BL. The criterion for this to occur is
∆φ ≈ 2pin/m, (21)
where ∆φ is the angle traversed by the sound wave in the disk in the azimuthal direction as it travels
from the BL to the inner Lindblad radius and back. The integer n determines the number of radial
nodes in the disk as the acoustic mode wraps back on itself. Modes that are close to satisfying the
criterion of equation (21) are pumped to higher amplitudes in the disk, which appears to be the
case for the m = 14 mode in Fig. 2.
3. Belt of High Angular Momentum Material
3.1. Magnetic Fields
As the simulation proceeds, material from the disk is accreted onto the surface of the star.
Because the disk initially has a net vertical flux that is frozen into the fluid, the flux is dragged
along together with the fluid material. Thus, one way to visualize the accreted material is with
images of the vertical component of the magnetic field, Bz. This is shown in panel a of Fig. 3 at
t = 900PK,∗ (towards the end of the simulation). Because the magnetic flux is frozen into the fluid,
the vertically-integrated value of Bz/ρ is conserved even as material loses angular momentum and
is compressed in the BL. The amplification of Bz in the BL and inner disk that is apparent in the
image of Bz in panel a of Fig. 3 is not seen in the image of Bz/ρ in panel b. The increase in Bz
in the BL is explained by conservation of magnetic flux dragged into the BL and is not due to
magnetic field amplification. The amplitude of Bz traces the accreted material from the disk.
Another important point is that the ratio of the magnetic energy to the thermal energy in
the BL remains small, despite accumulation of Bz in the BL. Panels c and d of Fig. 3 show plots
of B2z/2 and β
−1, respectively, between t = 0 and t = 900PK,∗ in intervals of 100PK∗ (each curve
corresponds to a particular snapshot in time e.g. t = 0, t = 100PK,∗, ..., t = 900PK,∗). In panel c,
the peak value of B2z/2 in the BL (around R = 1) increases monotonically for the duration of the
simulation. On the other hand, this behavior is not observed in panel d for β−1, which peaks in
the inner disk and shows only a small bump in the BL around R = 1. In addition, the amplitude
variations of β−1 once MRI turbulence has developed are only a factor of a few, and a monotonic
trend in time is not observed.
The plot of β−1 in panel d of Fig. 3 suggests that magnetic fields are not amplified in the BL
within our simulation. To further demonstrate this point, we show that neither BR nor Bφ undergo
significant amplification in the BL. Panels a and b of Fig. 4 show images of BR and Bφ averaged
over z at t = 936PK,∗. The magnetic field in both cases transitions smoothly from its disk value set
by MRI turbulence to zero in the star. Panels c and d of Fig. 4 show plots of B2R/2 and B
2
φ/2 (the
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a)
Bz
b)
Bz/ρ
c)
B2z/2
900PK,∗ d)
β−1
Fig. 3.— a) Bz averaged over z at t = 930PK,∗ in the 3D MHD simulation. The belt of accreted
material in the BL is visible as the black band inside of R = 1. b) Bz/ρ averaged over z at
t = 930PK,∗ in the 3D MHD simulation. c) Curves show the magnetic energy density (B2z/2)
averaged over φ and z at between t = 0 and t = 900PK,∗ in intervals of 100PK,∗. The highest
amplitude labeled curve corresponds to t = 900PK,∗. d) Curves show the ratio of the magnetic
energy density to the thermal energy density (β−1) averaged over φ and z between t = 0 and
t = 900PK,∗ in intervals of 100PK,∗. The value of β−1 has a small bump in the boundary layer
around R = 1. However, this is still small compared to its value in the inner disk.
R and φ components of the magnetic energy) averaged over φ and z between t = 0 and t = 900PK,∗
in intervals of 100PK∗ . Although panel d shows transient spikes in the amplitude of B
2
φ/2 within
the BL, sustained amplification of B2R or B
2
φ is not observed in the simulation.
It is evident from the image of Bz in Fig. 3 that the accreted material forms a belt on the
surface of the star. As we now demonstrate, the material in this belt does not efficiently give up
its angular momentum to the star, despite the large shear present in the BL and the shear-acoustic
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BRa) Bφb)
B2R/2c) B
2
φ/2d)
Fig. 4.— a) BR averaged over z at t = 930PK,∗ in the 3D MHD simulation. b) Bφ averaged over
z at t = 930PK,∗ in the 3D MHD simulation. c) Curves show B2R/2 (R-component of the magnetic
energy) averaged over φ and z between t = 0 and t = 900PK,∗ in intervals of 100PK,∗. d) Same as
panel c, but for B2φ/2 (φ-component of the magnetic energy).
instabilities excited there.
3.2. Flow of Angular Momentum
To understand the flow of angular momentum in the simulation, it is useful to define the stress
angular momentum current,
CL ≡ 2piR2τrφ, (22)
where τrφ is defined via equation (13). Note that CL is just the angular momentum per unit time
transferred by the stress τRφ. The stress angular momentum current is constant for waves in the
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R − φ plane in the absence of damping or amplification. We also define the hydrodynamical and
magnetic components of the stress angular momentum current as
CL,H ≡ 2piR2τrφ,H (23)
CL,B ≡ 2piR2τrφ,B, (24)
where τrφ,H and τrφ,B are defined in equations (14) and (15), respectively. Because our 3D MHD
simulation is unstratified in the vertical direction, we display the values of CL, CL,H and CL,B per
unit z, so they are independent of the box height. That is we define CL → CL/∆z with ∆z = 1/9.
Fig. 5 shows spacetime plots of CL,B (upper panel) and CL,H (lower panel) for the 3D MHD
simulation. From the upper panel, we see that CL,B is positive and is roughly constant in time
within the disk (R & 1). This is expected for steady state MRI turbulence, which transports
angular momentum outward. Inside the star (R . 1) CL,B vanishes, since the magnetic field is
zero there. Inside the BL (R ∼ 1), we see no evidence for a significant magnetic component to the
stress, and CL,B transitions smoothly from its disk value to zero inside in the star. Thus, despite
advection of vertical field into the BL (Fig. 3), there is little transport of angular momentum by
magnetic stresses there.
In contrast to CL,B, the spacetime plot of CL,H is significantly more complicated. The bands
of blue inside the star (R . 1) in the plot of CL,B, correspond to a hydrodynamical angular
momentum current carried by gravitosonic waves (sound waves modified by radial stratification)
excited via the shear-acoustic mechanism in the BL. The fact that CL,H < 0 in the star means the
waves carry positive angular momentum inward (i.e. in the negative radial direction), and act to
spin up the star. On the other hand, acoustic waves excited in the BL that propagate into the disk3
have ΩP < ΩK(R∗) inside of the inner Lindblad radius where they reflect. Thus, they transport
negative angular momentum outward (i.e. in the positive radial direction), and CL,H due to the
waves in the inner part of the disk is also negative.
One of the most striking differences between angular momentum transport due to acoustic
waves excited in the BL versus MRI turbulence is how time-variable the former is compared to the
latter. From the image of CL,H in Fig. 5, we see two major “outbursts” of shear-acoustic instability
in the BL at t ≈ 70 and t ≈ 220. During these outbursts, waves are excited to high amplitudes
and transport angular momentum at a faster rate than MRI in the disk. However after the second
large outburst, there is a “dry spell” between t = 250 − 500 when angular momentum transport
via waves in the star is at a much lower rate than via MRI turbulence in the disk. Subsequently,
between t = 500 and the end of the simulation, we see many “mini-outbursts” separated in time
by “mini-dry spells”.
The left panel Fig. 6 shows a spacetime plot of the surface density in the inner part of the
simulation domain. During episodes of wave driven accretion when hydrodynamical stresses are
3The acoustic waves are spiral density waves without self-gravity.
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CL,B
CL,H
Fig. 5.— Upper panel: spacetime plot of magnetic component of the stress angular momentum cur-
rent (equation 24), which quantifies the magnetic component of the angular momentum transport.
Lower panel: spacetime plot of the hydrodynamical component of the stress angular momentum
current (equation 23) which quantifies angular momentum transport by hydrodynamical Reynolds
stresses and waves. Outbursts of shear-acoustic instability observed at t = 220 and t = 70 result
in increased Reynolds stress in the BL and inner disk.
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Σ
Fig. 6.— Left panel: Spacetime plot of the surface density in the disk and the inner part of the
BL in the 3D MHD simulation. The gray high density region at smaller radii is the star and the
region with Σ ∼ 1 at larger radii is the accretion disk. The outbursts of shear-acoustic instability at
t = 70 and t = 220 deplete the inner disk of mass. Right panel: Total angular momentum between
.86 < R < 1.1 as a function of time in the 3D MHD simulation. This is a proxy for the total
angular momentum accreted from the disk onto the surface of the star. The increase in angular
momentum is approximately linear in time, except for two sharp jumps. The linear trend is due to
accretion of through the disk under the action of MRI turbulence. The jumps are coincident with
outbursts of shear-acoustic instability at t = 70 and t = 220.
high (see Fig. 5) the density in the innermost parts of the disk is depleted. This can be seen as
bluish-purple regions in Fig. 6 around R & 1 at t = 70 and t = 220. After each outburst of
shear-acoustic instability, the density rises slowly as the depleted regions are filled in by material
accreted from the outer part of the disk due to MRI turbulence.
The right panel of Fig. 6 shows a plot of the total angular momentum accreted onto the
surface of the star. During outbursts of shear-acoustic instability at t = 70 and t = 220, there is a
rapid rise in the accreted angular momentum. This demonstrates that shear-acoustic instabilities
are extremely efficient at angular momentum transport in the inner part of the disk, but only
when waves in the BL are excited to high amplitude. Outside of the outbursts, accreted angular
momentum increases approximately linearly in time. This indicates MRI turbulence in the disk
acts like an effective viscosity and leads to an approximately constant mass accretion rate onto the
surface of the star.
3.3. Belt Formation
We cannot exclude the possibility of more large outbursts of shear-acoustic instability on
timescales that are long compared to the duration of our simulation. Nevertheless, we may ask
whether the 3D MHD simulation reaches a quasi-steady state after the outbursts have stopped
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t = 0
t = 500PK,∗
Ω(R) ρR2Ωt = 900PK,∗
t = 0
Fig. 7.— Left panel: angular velocity at the start of the 3D MHD simulation (t = 0) and at 500
orbital periods (t = 500PK,∗). At t = 0 the angular velocity is Keplerian for R > 1 and Ω = 0 for
R < .99. At t = 500PK,∗ the angular velocity is significantly sub-Keplerian in the inner part of the
disk but is essentially Keplerian beyond R & 1.2. Right panel: angular momentum density (ρR2Ω)
in intervals of 100 orbital periods from t = 0 to t = 900PK,∗. There is a belt of angular momentum
in the BL that grows monotonically in time during the simulation.
(i.e. for t & 500PK,∗). In particular, do waves excited in the BL during the “mini-outburst” and
“mini-dry spell” phase transport angular momentum through the BL into the star at the same rate
that it is accreted onto the BL from the disk?
To provide an answer to this question, we average CL between R = .86 − .92 in radius and
between t = 600 and the end of the simulation in time, which yields CL ≈ −3× 10−4. This is the
angular momentum transport rate in the star. Computing the angular momentum transport rate
through the disk in the MHD simulation is trickier, because both advected and viscous stresses
are important. These two components of the stress have comparable magnitude and opposite
sign, making it tricky to accurately calculate their sum, because they nearly cancel one another.
However, we can use viscous disk theory (§4.1) to assess whether or not the system is in a steady
state. In particular, using equations (29) and (32), assuming α ∼ .03 in the disk as suggested by
Fig. 1, and taking ρdisk = 1, the rate of accumulation of angular momentum in the BL (per unit z)
is J˙ ≈ 3× 10−3(α/.03)(ρdisk/1). This is an order of magnitude larger than the rate at which waves
excited in the BL carry angular momentum into the star.
The mismatch in the rate at which angular momentum enters the BL and the rate at which
it is transported into the star leads to accumulation of angular momentum in the BL. The right
panel of Fig. 7 shows plots of the angular momentum profile in the 3D MHD simulation at intervals
of t = 100PK,∗. As the simulation proceeds, a belt of rapidly rotating material develops on the
surface of the star and grows monotonically in time. In addition to the main belt of accreted
angular momentum between .94 . R . 1.05, there is a bump in the angular momentum density at
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.9 . R . .94. The bump is formed during the first outburst of shear-acoustic instability at t ≈ 70
and then is enhanced and moves inward during the second outburst at t ≈ 220.
For comparison, the left panel of Fig. 7 shows the angular velocity at the start of the simulation
and at t = 500PK,∗. As the simulation proceeds, a plateau of constant Ω develops in the angular
velocity profile in the innermost part of the disk (.95 . R . 1.1). This plateau adjoins the outer
radial edge of the BL, and material in this region is part of the main angular momentum belt. The
bump in the angular momentum profile (right panel of Fig. 7) is adjacent to the lower edge of the BL
between .9 . R . .95. The fact that the angular velocity is constant in the plateau region spanning
the angular momentum belt suggests there is a physical process enforcing corotation within the
belt. Otherwise, one would expect specific angular momentum to be conserved, not Ω. This is
potentially related to the non-amplification of magnetic field in the BL, which is an interesting
topic for future exploration.
4. 2D Viscous Simulations
4.1. Simulation Setup
In order to better understand the results of the 3D MHD simulation, we perform 2D viscous
hydro runs using cylindrical coordinates in the R − φ plane. The 2D viscous simulations contain
no magnetic fields. Instead, accretion and angular momentum transport in the disk are facilitated
via a viscous stress. This has the advantage that we can control both the mass transport and the
angular momentum transport rates through the disk. As a result, we can accurately determine
the fraction of the angular momentum current carried by the waves in the BL and the star, which
is tricky in the 3D MHD simulation due to the difficulty in computing the angular momentum
transport rate through the disk.
The 2D momentum equation including viscosity can be written in vector form as
∂(Σv)
∂t
+∇ · (Σvv) = −∇P −∇ · τ . (25)
Here, Σ is the 2D surface density, P is the pressure integrated over z, and τ is the viscous stress
tensor4.
We approximate viscous angular momentum transport as a 1D process by averaging equation
(25) over the φ-dimension at each timestep in the 2D viscous hydro simulations. In this case, only
4We write the viscous stress tensor with a negative sign compared to the usual formulation to ensure consistency
with the definition of the turbulent stress in equation (13). It also has the intuitive feature that a positive Rφ-stress
means an outward viscous transport of angular momentum.
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the RR and Rφ-components of the viscous stress contribute to the momentum equation:
τRφ(R) ≡ −ν
〈
ΣR
∂Ω
∂R
〉
, (26)
τRR(R) ≡ −2ν
〈
Σ
(
∂vR
∂R
− 1
3
∇ · v
)〉
. (27)
The viscosity parameter in our simulations takes different constant values depending on whether
the viscous stress τRφ < 0 or τRφ > 0:
ν(R) =
{
νdisk, τRφ(R) > 0
νBL, τRφ(R) < 0
. (28)
When τRφ > 0, angular momentum is transported outward, and we assume the value of νdisk is
determined by accretion disk physics. We treat the value of νBL as a free parameter, which is a
fraction of νdisk.
The viscous runs span the full range of azimuthal angle, 0 < φ < 2pi, and have radial extent
.7 < R/R∗ < 12 with logarithmic scaling in the radial direction. The grid dimensions of the viscous
runs are NR ×Nφ = 1024× 1024. As in our MHD runs, we use an isothermal equation of state in
our 2D viscous runs, but with cs = 1/6. We use the same initial rotation profile and density profiles
as in the unstratified MHD simulation (equations (5) and (7)). In particular, the surface density in
the disk is initially constant, Σ = 1 for R/R∗ > 1. On top of the background equilibrium state, we
seed the simulations with random perturbations to the initial density. These perturbations trigger
shear-acoustic instabilities in the BL, similar to the 3D MHD run.
In all our viscous simulations, we set νdisk = 5× 10−4. If we take H = cs/Ω in equation (19),
this corresponds to an α-parameter value of α ∼ .02 in the inner disk. The only parameter we
vary in the viscous simulations is the ratio of the viscosity in the BL to the viscosity in the disk
νBL/νdisk. In particular, we present the results of two simulation runs: one with νBL/νdisk = 0.001
and one with νBL = 0.
The advantage of the viscous runs is that we know the steady state solution in the disk. This
solution for the disk structure should approximately apply even if mass piles up in the BL, because
in viscous theory the mass accretion rate,
M˙disk = −2piRΣvR, (29)
is set at the outer edge of the disk. The sum of the advected and stress angular momentum currents
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is also constant5:
J˙disk ≡ −2piR3ΩΣvR + 2piR3νΣdΩ
dR
(30)
= M˙diskR
2Ω + 2piR3νdiskΣ
dΩ
dR
. (31)
The value of the constant J˙disk is set at the inner edge of the disk where the rotation profile turns
over (dΩ/dR = 0) and the viscous stress vanishes. For a radially thin BL, we have
J˙disk ≈ M˙diskR2∗ΩK(R∗). (32)
Note that a positive value of J˙disk means that the star is gaining angular momentum from the disk.
We can solve for the steady state value of vR in terms of νdisk by rearranging equation (31):
vR = − J˙disk
2piR3ΩΣ
+
ν
R
d ln Ω
d lnR
. (33)
For R R∗ the first term vanishes, and for a Keplerian rotation profile the mass accretion rate is
M˙disk ≈ 3piΣνdisk, R R∗. (34)
This motivates us to initialize the velocity profile as
vR(R) =
{
0 R < 1
−3νdisk/2R R ≥ 1.
, (35)
4.2. Verification
The velocity profile in equation (35) gives the correct steady state mass accretion rate in the
outer disk (R  R∗) for a constant surface density profile. It would give the exact steady state
solution at all radii in the disk if J˙disk = 0. However the value of J˙disk is set at the inner edge of
the accretion disk and is given by equation (32) for a slowly-rotating star. Thus, the disk density,
radial velocity, and (to a lesser extent) angular velocity will readjust until the correct steady state
value of J˙disk is established throughout the disk. This readjustment happens on a viscous timescale,
starting from the BL and proceeding outwards through the disk.
The steady state values of M˙disk and J˙disk provide a check of our viscous simulations at late
times. The solid black curves in Figs. 8a,b show M˙disk and J˙disk, respectively, as a function of
radius in the 2D viscous hydro simulation with νBL = 0. The curves are plotted at the time
5Unlike J˙disk, CL contains only the stress component of the angular momentum current, not the advected com-
ponent.
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theory (eq. 34)
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J˙disk
b)
theory (eq. 32)
simulation
Fig. 8.— 2D viscous hydro simulation with νBL = 0. Panel a: Mass accretion rate as a function
of radius in the disk. Solid curve is the mass accretion rate in the simulation at t = 3000PK,∗, and
dashed curve is the theoretical value using equation (34). The discrepancy between the solid and
dashed curves is due to the breakdown of the approximation R  R∗ in equation (34). A better
approximation is to use equation (33) for the radial velocity and set the radius to the outer radius
of the simulation domain: R = Rmax = 12R∗. This gives a theoretical estimate of M˙disk = .00607,
in good agreement with the simulation. Panel b: Solid curve is the sum of the advective and
viscous angular momentum currents in the simulation according to equation (31) in the disk at
t = 3000PK,∗. In steady state, this sum is a constant which determines the value of J˙disk. The
dotted line shows the theoretical estimate for J˙disk according to equation (32). The solid curve lies
below the dashed line, because the angular velocity is sub-Keplerian in the inner part of the disk.
t = 3000PK,∗ when the disk in the simulation is close to steady state. The dashed lines show the
theoretically-predicted values for M˙disk and J˙disk, respectively.
Panels a, b and c of Fig. 9 show the angular velocity, surface density, and radial velocity
profiles, respectively, at t = 0 and at t = 3000PK,∗ for the 2D viscous hydro simulation with νBL
= 0. In panel c, the radial velocity is more negative in the inner part of the disk at t = 3000PK,∗
compared to t = 0. This should be the case according to equation (33), because J˙disk = 0 initially,
but then readjusts to its positive steady state value at late times. The drop in surface density in the
inner part of the disk is explained by the somewhat larger (in magnitude) velocity in that region
together with the requirement that the mass accretion rate through the disk should be constant in
steady state.
4.3. Angular Momentum Belt
In §3, we saw that in the 3D MHD simulation acoustic waves excited in the BL were not
enough to transport angular momentum advected into the BL from the disk. We may ask whether
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Fig. 9.— 2D viscous hydro simulation with νBL = 0. Panel a: Angular velocity profile in the
simulation at t = 0 (labeled curve) and at t = 3000PK,∗ (unlabeled curve). Panel b: Surface
density profile at t = 0 and at t = 3000PK,∗. Panel c: Radial velocity at t = 0 and at t = 3000PK,∗.
this also holds for 2D viscous hydro simulations? We begin by discussing the 2D viscous simulation
which has νBL = 0, and thus no viscous transport of angular momentum radially inward of the
point where τRφ = 0. In the absence of any transport mechanism except viscosity, accreted material
would pile up in the BL. Shear-acoustic instabilities are still excited in 2D viscous simulations, but
are they enough to stave off accumulation of angular momentum in the BL?
The left panel of Fig. 10 shows the hydrodynamical stress angular momentum current, CL,H ,
in the star and the BL for the 2D viscous simulation with νBL = 0 at t = 3000PK,∗. CL,H inside
the star is relatively constant and negative, meaning waves do transport some of the accreted
angular momentum radially inward. However, comparing the left panel of Fig. 10 with Fig. 8b,
−CL,H/J˙disk ∼ 0.1. Therefore, waves in the star transport angular momentum away from the BL
at a rate that is only about 10% of the rate it is transported into the BL from the disk. This value
of 10% is also consistent with our estimate for the 3D MHD simulation.
One may wonder whether advection can carry the angular momentum inside the star instead
of waves? However, examining equation (32), this is impossible in steady state (M˙disk = M˙star) for
a slowly rotating star (Ω∗  ΩK(R∗)).
If neither acoustic waves excited in the BL nor advection can effectively transport angular
momentum in the star, angular momentum will pile up in the BL. The right panel of Fig. 10 shows
a plot of the angular momentum in the simulation with νBL = 0 at different times. As expected
angular momentum accumulates in the BL, forming a rapidly rotating belt. Moreover, this pile up
continues for the duration of the simulation (≈ 3000PK,∗) with no sign of stopping. The angular
momentum evolution in the 2D hydro simulation in Fig. 10 (right panel) is strikingly similar to
that in the 3D MHD simulation in Fig. 7 (right panel).
Next, we show how the presence of some viscosity in the BL affects the accumulation of angular
momentum there. Fig. 11 is the same as Fig. 10, but for νBL/νdisk = .001. The left panel of Fig.
11 shows the hydrodynamical stress, CL,H , at t = 3000PK,∗. The angular momentum current in
the star is similar to the case of νBL = 0, suggesting that angular momentum transport due to
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t = 3000PK,∗ ρR2Ω
Fig. 10.— 2D viscous hydro simulation with νBL = 0. Left panel: The hydrodynamical angular
momentum current, CL,H , at t = 3000PK,∗. CL,H is negative in the star due to sound waves excited
in the BL that transport angular momentum into the star. Right panel: angular momentum density
(ρR2Ω) in intervals of ∆t = 300PK,∗ from t = 0 to t = 3000PK,∗. A belt of angular momentum
forms in the BL, the amplitude of which grows monotonically. This is very similar to what we
found in the 3D MHD simulation (Fig. 7).
waves is at a similar level in both simulations. However, unlike the case of νBL = 0, the simulation
with νBL/νdisk = .001 does reach a steady state. The right panel of Fig. 11 shows the angular
momentum density. A belt still forms in the BL, as before, but the amplitude of the belt saturates
around t ≈ 1500PK,∗. Note that most of the angular momentum in steady state is carried into the
star and the BL by the small explicit viscosity, not by acoustic waves. The waves again carry only
about ∼ 10% of the total angular momentum required for steady state accretion.
4.4. Time to Reach Steady State
We can understand many of the features of the viscous simulations using dimensional analysis.
The time for the BL to reach steady state is of order the viscous time in the BL:
τBL ∼ δ
2
BL
νBL
, (36)
where δBL is the steady state dynamical width of the BL. This is the radial extent over which the
angular velocity adjusts from its Keplerian value in the disk, ΩK(R∗), to its stellar value, Ω∗.
To estimate the value of δBL, we can employ an argument first used by Pringle (1977). In
steady state, the radial momentum equation can be written as
ρvR
dvR
dR
= −dP
dR
− ρ(Ω2K − Ω2)R, (37)
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Fig. 11.— 2D viscous hydro simulation with νBL/νdisk = 0.001. Left panel: The hydrodynamical
angular momentum current, CL,H at t = 3000PK,∗. CL,H is negative in the star and of similar
amplitude as the νBL = 0 case (left panel of Fig. 10). Right panel: angular momentum density
(ρR2Ω) in intervals of ∆t = 300PK,∗ from t = 0 to t = 3000PK,∗. A belt of angular momentum does
begin to form in the BL. However, its amplitude saturates, as the simulation approaches steady
state after t ≈ 1500PK,∗. The small but non-zero viscosity in the BL (νBL) dominates over the
wave angular momentum transport in the BL.
where Ω(R) is the 1D angular velocity profile. Setting P ∼ ρc2s, where cs is a characteristic sound
speed in the BL, we see that the ratio of the term on the left and the first term on the right of
equation (37) is ∣∣∣∣ρvR dvRdR
∣∣∣∣× ∣∣∣∣dPdR
∣∣∣∣−1 ∼ (vRcs
)2
. (38)
As we have already remarked, the value of J˙disk is set at the inner boundary of the disk in steady
state. Therefore, in order for steady state disk theory to apply, the inflow velocity to the BL must
be subsonic. As a result, vR/cs < 1, and we can equate the two terms on the right hand side of
equation (37) to estimate the width of the BL:
δBL = fBLR∗
(
cs
VK(R∗)
)2
. (39)
Here fBL & 1 is a dimensionless constant, and the width of the BL scales with the radial pressure
scale height in the star (equation (9)).
Defining the Mach number in the BL as
MBL ≡ VK(R∗)
cs
, (40)
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and plugging the BL width from equation (39) into equation (36), the viscous time in the BL is
τBL ∼ f
2
BLR
2∗
νBLM4BL
. (41)
We can check this formula against the 2D viscous simulation with νBL/νdisk = .001. From the
right panel of Fig. 11b, the time for the simulation to reach steady state is t ∼ 1500PK,∗. Setting
M = 6, R∗ = 1, and νBL = 5× 10−7, as appropriate for that simulation, we have that the viscous
time in the BL is τBL ∼ 300f2BLPK,∗ from equation (41). Setting the viscous time equal to the time
required to reach steady state implies that fBL ∼ 2− 3. According to equation (39), this value of
fBL implies δBL ∼ .07− .1, which is consistent with the BL width in the simulation.
4.5. Condition for Belt Formation
Next, we derive a condition for the formation of an angular momentum belt in the BL and
estimate its amplitude. If we assume the angular momentum current in the BL is predominantly
carried by viscous stresses rather than waves, we can write
2piνBLΣBLR
3 dΩ
dR
∼ J˙disk, (42)
where ΣBL is a characteristic density that we intend to solve for. In equating the left and right
sides of equation (42), we have used the fact that J˙ must take the same constant value everywhere
(i.e. in the star, the disk, and the BL) in steady state. Substituting the value of J˙disk from equation
(32) into equation (42) and dropping constants of order unity we can estimate
ΣBL ∼ Σdisk
(
δBL
R∗
)(
νdisk
νBL
)
(43)
∼ ΣdiskfBLM−2BL
(
νdisk
νBL
)
. (44)
We parametrize the characteristic value of the angular momentum density in the BL as
LBL = lBLΣBLΩK(R∗)R2∗, (45)
where lBL . 1 is a dimensionless constant. A belt of angular momentum will exist in the BL if
ΣBLlBLΩK(R∗)R2∗  ΣdiskΩK(R∗)R2∗. Using equation (44), we can write the condition for belt
formation as
fBLlBLM−2BL
(
νdisk
νBL
)
 1. (46)
In the viscous simulation with νBL/νdisk = .001, the condition expressed in equation (46) is
satisfied. Using equation (44) for ΣBL, equation (45) predicts LBL ∼ 30lBLfBLΣdiskΩK(R∗)R2∗.
Since ΣdiskΩK(R∗)R2∗ ∼ 1 in our units, this estimate is a good match to the maximum steady
state value of the angular momentum in the belt within the simulation (right panel of Fig. 11) if
lBLfBL ∼ 1.
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4.6. Implication for Viscous Models of the BL
The condition in equation (46) is not trivial to satisfy, since MBL  1. Therefore, we may
ask whether we expect an angular momentum belt to form in published viscous models of the BL
(Popham & Narayan 1995; Kley 1989; Hertfelder & Kley 2017)?
Popham & Narayan (1995) argued that because the radial pressure scale height in the star
is smaller than the vertical scale height in the BL by a factor of MBL, the viscosity should be
parametrized as
ν = αcsmin (hR,∗, H) . (47)
Here hR,∗ (equation (9)) and H are the radial pressure scale height in the star and the vertical scale
height in the disk, respectively. Equation (47) is a reasonable physical ansatz that can be used
in the star, the BL, and the disk. Moreover, one can show that it leads to subsonic radial inflow
through the BL for α 1. However, a criticism of the ansatz is that it assumes αBL = αdisk which
is not necessarily true given that the physical mechanisms leading to angular momentum transport
in the BL and the disk are different.
Nevertheless, we may ask whether a BL solution employing the ansatz in equation (47) forms
a belt of angular momentum in the BL? Taking
νBL = αcshR,∗, (48)
and substituting equation (48) into equation (46) the condition for angular momentum belt forma-
tion within this viscosity model is
fBLlBLM−1BL  1. (49)
Since MBL  1 and fBLlBL ∼ 1, the condition is not met and a belt of angular momentum does
not form. The fact that an angular momentum belt does form in our 3D MHD simulations means
that the viscosity in the BL in these simulations is much smaller than what is predicted by the
ansatz in equation (47).
Because the amplitude of the angular momentum belt in the BL grows without bound in the
3D MHD simulation, we cannot explicitly compute the effective turbulent viscosity in the BL in
the simulation. However, we can place an upper bound on it. Using equation (41), we can solve
for the viscosity in the BL in terms of the viscous time. Taking the viscous time in the BL equal to
the duration of our 3D MHD simulation (τBL = 936PK,∗), we can set a lower bound to the effective
value of the turbulent viscosity in the BL in the simulation:
νBL =
f2BLR
2∗
τBLM4BL
(50)
< 10−7
(
fBL
2.5
)2
. (51)
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Here the only uncertainty is in the dimensionless parameter fBL which parametrizes the width of
the boundary layer in terms of the number of scale heights. We have used a value of fBL = 2.5
based on the results of viscous simulations (§4.4).
Given the estimate of νBL in equation (51), we can derive an upper bound to the value of α in
the BL. Starting from equation (48), we can write
αBL =
νBL
cshR,∗
< 10−4. (52)
The value of αdisk in the 3D MHD simulation due to MRI turbulence in the disk was found
to be αdisk ∼ .01 − .05 (§2.2). Thus, αBL  αdisk, even though equation (52) only gives an upper
bound on the value of αBL.
5. Discussion
We have shown using 3D MHD simulations that a belt of angular momentum forms in the
boundary layer as a result of accretion driven by MRI in the disk onto the surface of a star. The belt
of angular momentum grows in amplitude without bound over the course of ∼1000 Keplerian orbital
periods at the inner edge of the disk. This implies that there is not enough angular momentum
transport in the BL within our simulations to carry all of the angular momentum of the accreted
material into the star.
This is in spite of the fact that accretion advects magnetic field generated by MRI turbulence
in the disk into the BL. In particular, we do not see significant amplification of magnetic field in the
BL, which contradicts Armitage (2002) who claimed magnetic activity in the BL. However, because
he initialized the disk with a net vertical flux, the accumulation of magnetic field he observed in
the BL may be due to flux dragging and the frozen-in-law, just as in our MHD simulation (see Figs.
3 & 4). Armitage (2002) also did not provide plots of BR or Bφ which would have supported the
claim of magnetic field amplification. Our results are in line, though, with Pessah & Chan (2012)
who showed that although the energy density of sheared magnetic waves can be amplified by an
order of magnitude in the BL, the stresses due to these waves oscillate around zero. In the future,
it would be interesting to investigate whether the transient spikes observed in the φ-component of
the magnetic energy density in our MHD simulation (panel d of Fig. 4) are related to the swing
amplification mechanism studied by Pessah & Chan (2012).
Inefficient angular momentum transport in the BL within our simulations is particularly puz-
zling given that shear-acoustic instabilities are excited in the BL and persist for the duration of each
simulation. As a result, the hypothesis of Belyaev et al. (2013a,b) that waves efficiently transport
angular momentum in the BL appears to be invalid. In particular, Belyaev et al. (2013b) envis-
aged that the outbursts of shear-acoustic instability in the BL result in a limit cycle behavior that
regulates the flow of material through the BL. However, the simulations of Belyaev et al. (2013b)
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were run for only ∼ 100 − 200PK,∗, whereas our 3D MHD simulation is run for almost 1000PK,∗.
On these longer timescales, we do not see the limit cycle behavior continuing after the two large
outbursts of shear-acoustic instability around t = 70PK,∗ and t = 220PK,∗, as seen in the bottom
panel of Fig. 5 and in Fig. 6. Moreover, we find that waves only carry a fraction of the angular
momentum required to achieve steady state (∼ 10%) within the star and the BL at late times in
our simulations.
We also ran 2D viscous hydro simulations for which we could control the steady state mass
accretion and angular momentum transport rates through the disk. These simulations confirmed
that a rapidly rotating belt of accreted material forms in the BL, because of inefficient transport
of angular momentum through the BL and the star. Using dimensional analysis, we were able to
show that when the viscosity in the BL falls below a critical value, a belt of angular momentum
forms in the BL (equation (46)). However, as long as the viscosity in the BL is greater than zero,
the amplitude of the angular momentum belt eventually saturates at a value given approximately
by equation (45).
If waves are insufficient to transport the angular momentum in the BL, then it seems we must
fall back on viscosity to do the job. However, our 3D MHD results combined with our 2D viscous
hydro results suggest that the viscous coupling between the star and the accretion disk via the
BL is much weaker than is typically assumed in viscous models of the BL that use an ansatz like
the one in equation (47). This is important, because viscous models are still the standard way of
connecting BL theory with observations.
Consequently, we believe it is interesting and physically well-motivated to use different values
of α when τR,φ > 0 and when τR,φ < 0 (i.e. in the BL and in the disk). Even though this does not
fit neatly into the ansatz of equation (47), it is supported by the 3D MHD simulations and could
lead to more physical models of the BL (e.g. ones that contain an angular momentum belt). We
point out that there are indications of an angular momentum belt forming in Fig. 8 of Hertfelder &
Kley (2015) due to the flattening in time of the azimuthal velocity profile around the stellar surface
(compare with the left panel of our Fig. 7).
If global shear instabilities are ineffective at transporting angular momentum in the supersonic
regime, then a different mechanism or instability must be responsible. For instance, the Tayler-
Spruit dynamo (Spruit 2002) is a physical pathway leading to turbulence that could provide an
effective viscosity in the BL where dΩ/dr > 0. However, the efficiency of this transport process
is still not well understood theoretically, nor are the resolution requirements for capturing it nu-
merically (Iba´n˜ez-Mej´ıa & Braithwaite 2015). Another possible instability that could drive angular
momentum transport is baroclinic instability. However, determining if baroclinic instability is im-
portant for angular momentum transport in the BL would require stratification in the z-direction
and an accurate model of BL thermodynamics.
We can make some general statements regarding how the effective temperature of the BL
would change in the presence of inefficient angular momentum transport. The effective blackbody
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temperature of an optically thick BL in steady state can be estimated by considering the luminosity
of the BL and the radiating area:
TBL ≡
( LBL
σABL
)1/4
. (53)
For a Keplerian disk around a slowly-rotating star, as much kinetic energy remains to be
dissipated at the surface of the star as in coming from the outer part of the disk (R R∗) to the
surface. Therefore, the luminosity of the BL equals the luminosity of the accretion disk LBL ≈ Ldisk.
In classical BL theory, the radiating area of the BL, on the the hand, is set by the vertical extent of
the BL (Pringle 1977; Popham & Narayan 1995). Up to constant factors of order unity, this equals
the disk scale height H ∼ R∗cs/VK(R∗) = R/MBL, where VK(R∗) is the Keplerian velocity at the
surface of the star, cs is the effective sound speed in the BL, and MBL ≡ VK(R∗)/cs is the Mach
number in the BL.
However, if angular momentum transport is inefficient and a belt of angular momentum forms,
it is possible that this belt will spread latitudinally across the surface of the star, resulting in a
spreading layer (Inogamov & Sunyaev 1999; Piro & Bildsten 2004). In this case, the radiating
area of the BL will increase and the temperature of the BL will decrease. In the extreme case
when the belt spreads all the way to the poles, the radiating area will increase by a factor of order
R/H ∼MBL, and the effective temperature will drop by a factor of M1/4BL .
Latitudinal spreading of the belt and the consequent drop in temperature could help to explain
white dwarf observations, where the BL appears “missing” (Ferland et al. 1982; Mukai 2017).
In particular, if there is substantial spreading of the belt across the surface of the star then the
temperature of the BL (which is really a spreading layer in this case) will approach the temperature
of the inner part of the accretion disk, because the two will emit a comparable amount of power
over a comparable amount of surface area. In this scenario, the spectrum of the BL and the
inner part of the disk blend together, providing an explanation for the missing BL phenomenon in
weakly-magnetized accreting white dwarfs. As a result, the spreading of the angular momentum
belt in latitude is an interesting possibility to explore in future work and would allow for a closer
connection between dynamical BL theory and observations.
Finally, it is important to understand why shear-acoustic instabilities in the BL are inefficient
at transporting angular momentum. One intriguing possibility involves the different physical mech-
anisms by which shear instabilities operate in the subsonic and supersonic regimes. For instance,
consider the Kelvin Helmholtz instability (KHI), which applies to a subsonic jump across a shear
layer. KHI can be viewed as a destabilizing interaction between Rossby edge waves on the upper
and lower edges of the shear layer (Bretherton 1966; Heifetz et al. 1999). Because it couples the
two edges of the shear layer, it seems reasonable that the nonlinear evolution of the system results
in angular momentum transport across the shear layer.
On the other hand, shear-acoustic instabilities can be viewed as the destabilization of an
incompressible mode by direct emission of acoustic radiation (Belyaev 2017). This does not involve
– 28 –
coupling between the two edges of the shear layer, and the excitation region of an unstable shear-
acoustic mode exists over only a small radial extent, near the corotation radius in the BL. Perhaps
this radial confinement of the excitation region can help explain our result that waves transport
only a small fraction (∼ 10%) of the angular momentum current required to achieve steady state
in our simulations. In the future, it would be interesting to study the interaction between inertia-
gravity waves and Rossby waves in the BL. For example, excitation of Rossby waves by radiation of
inertia-gravity waves (as opposed to acoustic waves) in a vortical shear flow is an important process
in meteorology (Schecter & Montgomery 2004).
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